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$k$ $A_{1}^{(1)}$ $0$ $L(k, 0)$
$Z$- [13]
. Dong-Lepowsky
[4] $Z$- (generalized vertex algebra)
. $Z$- Lepowsky-Primc Lepowsky-Wilson
.
Gepner-Qiu[8], Gepner[7], Blumenhagen et.al[l]
. Li[12] [4, Chapter 14] .
$L(k, 0)$ (commutant) $If_{0}$
. (vertex operator algebra, VOA) . $li_{0}^{\nearrow}$ Lam-
Yamada[10] Dong-Lam-Yainada[3]
. [3] Dong-Lam-Wang-Yamada[2] .




[2] [5] . 2 $A_{1}^{(1)}$
[2] 3 $\hat{\mathfrak{g}}$ [5] .
.
2 Parafermion VOA: $sl_{2}$-case
$k\geq 2$ . $A_{1}^{(1)}$ $\hat{sl}_{2}$ $k$ Verina
$V(k, 0)=V_{\hat{sl}_{2}}(k, 0)$ $\yen$ . $\{h, e, f\}$ $sl_{2}$ . $[h, e]=2e$ ,
$[h, f]=-2f,$ $[e, f]=h$ . $\langle\cdot,$ $\cdot\}$ $\langle h,$ $h\rangle=2$ ,
$\langle e,$ $f\rangle=1,$ $\langle h,$ $e\rangle=\langle h,$ $f)=\langle e,$ $e\rangle=\langle f,$ $f)=0$ . $A_{1}^{(1)}$
$\hat{sl}_{2}=sl_{2}\otimes \mathbb{C}[t, t^{-1}]\oplus \mathbb{C}C$
$[a\otimes t^{m}, b\otimes t^{n}]=[a, b]\otimes t^{m+n}+m\langle a,$ $b\rangle\delta_{m+n,0}C$ ,
(2.1)
$[C,\hat{sl}_{2}]=0$
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. $\hat{sl}_{2}$
$\hat{\mathfrak{h}}_{Z}=(\oplus_{n\neq 0}\mathbb{C}h\otimes t^{n})\oplus \mathbb{C}C$ (2.2)
. $\hat{\mathfrak{h}}_{Z}$ $\mathbb{C}h\otimes t^{0}$ $\hat{\mathfrak{h}}$ .
$\hat{\mathfrak{h}}=h\otimes \mathbb{C}[t, t^{-1}]\oplus \mathbb{C}C$ . (2.3)
$\hat{sl}_{2}$ .
$\hat{sl}_{2}$
$sl_{2}\otimes \mathbb{C}[t]\oplus \mathbb{C}C$ 1 $sl_{2}\otimes \mathbb{C}[t]$ $0$
$C$ $k$ $\mathbb{C}_{k}$ . $\hat{sl}_{2}$ $k$ Verma
$V(k, 0)=V_{\hat{sl}_{2}}(k, 0)$
$\hat{sl}_{2^{-}}\ovalbox{\tt\small REJECT} D$ .
$V_{\hat{sl}_{2}}(k, 0)=U(\hat{sl}_{2})\otimes_{U\langle s1_{2}\otimes C[t]\oplus \mathbb{C}C)}\mathbb{C}_{k}$ . (2.4)
$1=1\otimes 1$ . $a\otimes t^{n}$ $V(k, 0)$ $V(k, 0)$
$a(n)$ . $a(n);a\in\{h, e, f\},$ $n\in \mathbb{Z}$ .
$a(n)1=0$ for $n\geq 0$ ,
(2.5)
$[a(m), b(n)]=[a, b](m+n)+m\langle a,$ $b\rangle\delta_{m+n,0}k$ .
Poincar\’e-Birkhoff-Witt
$h(-i_{1})\cdots h(-i_{p})e(-m_{1})\cdots e(-m_{q})f(-n_{1})\cdots f(-n_{r})1$ , (2.6)
$i_{1}\geq\cdots\geq i_{p}\geq 1,$ $m_{1}\geq\cdots\geq m_{q}\geq 1,$ $n_{1}\geq\cdots\geq n_{r}\geq 1,$ $p,$ $q,$ $r\geq 0$ $V(k, 0)$
. $v\in V(k, 0)$ $a\in\{h, e, f\}$
$a(n)v=0$ for $n>>0$ (2.7)
(2.5) .
$u\in V(k, 0)$ $Y(u, x)\in$ $($ End $V(k,$ $0))[[x, x^{-1}]]$
. $a\in\{h,$ $e,$ $f\}$
$a(x)= \sum_{n\in Z}a(n)x^{-n-1}$
. $v\in V(k, 0)$ . (2.7) $a(x)v\in V(k, 0)((x))$ .
$a,$ $b\in\{h, e, f\},$ $n\in \mathbb{Z}$ $a(x)_{n}b(x)\in$ $($ End $V(k,$ $0))[[x, x^{-1}]]$
$a(x)_{n}b(x)={\rm Res}_{x_{1}}((x_{1}-x)^{n}a(x_{1})b(x)-(-x+x_{1})^{n}b(x)a(x_{1}))$ (2.8)
. $v\in V(k, 0)$
$( \sum_{i\geq 0}(\begin{array}{l}ni\end{array})(-x)^{i}a(n-i))b(x)v-b(x)(\sum_{i\geq 0}(\begin{array}{l}ni\end{array})(-x)^{n-i}a(i)v)$
2
$m\in \mathbb{Z}$ $x^{m}$ (2.7) $V(k, 0)$
. $a(x)_{n}b(x)$ $($End $V(k,$ $0))[[x, x^{-1}]]$
. $a(x)_{n}b(x)v$ $x$
$a(x)_{n}b(x)v\in V(k, 0)((x))$ .
$a^{i}\in\{h, e, f\},$ $n_{i}\in \mathbb{Z}$
$Y(a^{1}(n_{1})\cdots a^{r}(n_{r})1, x)=a^{1}(x)_{n_{1}}\cdots a^{r}(x)_{n_{r}}1$ (2.9)
. $($End $V(k,$ $0))[[x, x^{-1}]]$
$v\in V(k, 0)$ $Y(a^{1}(n_{1})\cdots a^{r}(n_{r})1, x)v\in V(k, 0)((x))$ .
$u\in V(k, 0)$ $u$ (2.6) $Y(u, x)$ $u$
$Y(u, x)$ .
$Y(u, x)$ $x^{-n-1}$ $u_{n}$ . $u_{n}\in$ End $V(k, 0)$ $Y(u, x)= \sum_{n\in Z}u_{n}x^{-n-1}$
. (2.9) $Y(1, x)=1$ $1_{n}=\delta_{n,-1}1(1$ $V(k, 0)$
) $a\in\{h, e, f\}$ $(a(-1)1)_{n}=a(n)$ . (2.5),





. $(V(k, 0), Y, 1, \omega_{aff})$ 1 $\omega_{aff}$
(cf. [6, 11]). $A_{1}^{(1)}$ ( $\hat{sl}_{2}$ )
$3k/(k+2)$ .
$Y(\omega_{aH}, x)$ $X^{-2}$ $(\omega_{afi}\cdot)_{1}$ $V(k, 0)$ . $v$ $(\omega_{aff})_{1}$
$?$ ) wt $v$ . (2.6) $(\omega_{aff})_{1}$
$i_{1}+\cdots+i_{p}+m_{1}+\cdots+m_{q}+n_{1}+\cdots+n_{r}$ (2.11)
. $m$
$V(k, 0)_{(m)}$ . (2.11) $m<0$ $V(k, 0)_{(m)}=0$
$V(k, 0)_{(0)}=\mathbb{C}1$ 1 $V(k, 0)_{(1)}$ $h(-1)1,$ $e(-1)1,$ $f(-1)1$ 3
.
$k$ 2 Verma $V(k, 0)$ $Y(u, x)$
$k$ . $k\neq-2$ (2.10) $\omega_{aff}$
$(V(k, 0), Y, 1_{\}}\omega_{aff})$ . $k$ $V(k, 0)$
$\mathcal{J}$ $\mathcal{J}$
$e(-1)^{k+1}1$ (cf. [9]). $L(k, 0)=V(k, 0)/\mathcal{J}$ .
$A_{1}^{(1)}$ $3k/(k+2)$
. $L(k, 0)$ $V(k, 0)$
3
$Y,$ $1,$ $\omega_{aff}$ . $u\in L(k, 0)$ $Y(u, x)=$
$\sum_{n\in Z}u_{n}x^{-n-1}\in$ $($ End $L(k,$ $0))[[x, x^{-1}]]$ .
$sl_{2}$ 2
$h\mapsto-h$ , $e\mapsto f$ , $f\mapsto e$
$V(k, 0)$ 2 $\sigma$ .
$\mathcal{J}$ $\sigma$ $\sigma$ $L(k, 0)$ 2
$\sigma$ .
(2.5) (2.6) $h(O)$ $2(q-r)$ .
$h(O)$ $\lambda$
$V(k, 0)(\lambda)=\{v\in V(k, 0)|h(0)v=\lambda v\}$ (2.12)
$V(k, 0)$ $h(O)$
$V(k, 0)=\oplus_{\lambda\in 2Z}V(k, 0)(\lambda)$ (2.13)
. $\lambda=0$ $V(k, 0)(0)$
$h(-i_{1})\cdots h(-i_{p})e(-m_{1})\cdots e(-m_{q})f(-n_{1})\cdots f(-n_{q})1$ , (2.14)
$i_{1}\geq\cdots\geq i_{p}\geq 1,$ $m_{1}\geq\cdots\geq m_{q}\geq 1,$ $n_{1}\geq\cdots\geq n_{q}\geq 1,$ $P,$ $q\geq 0$ .
$\lambda\in 2\mathbb{Z}$ $V(k, 0)(\lambda)$ $V(k, 0)(0)$- .
$V(k, 0)(0)$ (cf. [2, Theorem 2.1]).
2.1 $V(k, 0)(0)$ $h(-)1$ $f(-2)e(-1)1$ .
[2]
. (2.14) $V(k, 0)(0)$
$h(-i_{1})\cdots h(-i_{p})f(-m_{1})e(-n_{1})\cdots f(-rn_{q})e(-n_{q})1$ , (2.15)
$i_{1}\geq\cdots\geq i_{p}\geq 1,$ $m_{1}\geq\cdots\geq m_{q}\geq 1,$ $n_{1}\geq\cdots\geq n_{q}\geq 1,$ $p,$ $q\geq 0$
$V(k, 0)(0)$ . $h(-)1$ $f(-2)e(-1)1$
$U$ . $U$ (2.15) .
$(h(-1)1)_{n}=h(n)$ $v\in U$ $h(-i_{1})\cdots h(-i_{p})v\in U$ .
(2.15) $U$ $f(-m_{1})e(-n_{1})\cdots f(-m_{q})e(-n_{q})1$
$U$ . 2 .
Step 1. $m,$ $n>0$ $f(-m)e(-n)1\in U$ .




$f(-1)e(-1)1\in U$ . $n=2$ .
$e(-1)f(-1)1=h(-2)1+f(-1)e(-1)1$ $\omega_{aff}\in U$ .
$L_{aff}(n)=(\omega_{afi}\cdot)_{n+1}$ . $Y( \omega_{aff}, x)=\sum_{n\in \mathbb{Z}}L_{aff}(n)x^{-n-2}$ .
$[L_{aff}(m),$ $a(n)]=-na(m+n)$ for $a\in\{h,$ $e,$ $f\},$ $m,$ $n\in \mathbb{Z}$
$L_{aff}(-1)1=0$ $m,$ $i\in Z$
$L_{aff}(-1)f(-m+i)e(-i)1=(m-i)f(-m-1+i)e(-i)1+if(-m+i)e(-i-1)1(2.16)$
.
$L_{aff}(-1)f(-1)e(-1)1=f(-2)e(-1)1+f(-1)e(-2)1$ $($ 2.17 $)$
. $f(-1)e(-2)1\in U$ . $n=3,1\leq i\leq n-1$
$f(-n+i)e(-i)1\in U$ .
$n\geq 3$ $2\leq m\leq n$ $1\leq i\leq m-1$ $f(-m+i)e(-i)1\in U$
. $1\leq i\leq n$ $f(-n-1-i)e(-i)\in U$ .
$(u_{l}v)_{m}= \sum_{j\geq 0}(-1)^{j}(\begin{array}{l}lj\end{array})u_{l-j}v_{m+j}-\sum_{j\geq 0}(-1)^{l+j}(\begin{array}{l}lj\end{array})v_{m+l-j}u_{j}$ (2.18)
$(f(-2)e(-1)1)_{1}=((f(-1)1)_{-2}e(-1)1)_{1}$






$u\in U$ $f(-n)e(-1)1\in U$ . (2.16)
$n$ $m,$ $n>0$ $f(-m)e(-n)1\in U$
.
Step 2. (2.15) $q\leq r$ $V(k, 0)(0)$
$V(r)$ . $r\geq 1$ $V(r)\subset U$ $r$
.
Stepl $V(1)\subset U$ . $V(r)\subset U$ $V(r+1)\subset U$
. (2.18) $m,$ $n\geq 0$ $c_{i},$ $d_{i}$
$(f(-m-1)e(-n-1)1)_{-1}$
$=f(-m-1)e(-n-1)$ (2.19)
$+ \sum_{i\geq 0}c_{i}f(-m-n-2-i)e(i)+\sum_{i\geq 0}d_{i}e(-m-n-2-i)f(i)$
5
. $w=f(-m_{1})e(-n_{1})\cdots f(-m_{r})e(-n_{r})1\in V(r)$ . (2.5)
$i\geq 0$ $f(-m-n-2-i)e(i)w$ $e(-m-n-2-i)f(i)w$ $V(r)$
. $f(-m-1)e(-n-1)1$ $w$ $V$ (r). (2.19)
$f(-m-1)e(-n-1)w\in U$ . $m,$ $n\geq 0$
$V(r+1)\subset U$ $r$ . 2.1 .
22 $f(-2)e(-1)1$ $e(-2)f(-1)1-e(-1)f(-2)1$
. $V(k, 0)(0)$ $h(-1)1$ $e(-2)f(-1)1-e(-1)f(-2)1$
. 2 $\sigma$ $h(-)1$ $e(-2)f(-1)1-e(-1)f(-2)1$
$-1$ $\sigma$ $h(-1)1$ $e(-2)f(-1)1-$
$e(-1)f(-2)1$ (cf. [2, Remark 2.2]).
$h(-1)1$ $V(k, 0)$ $M_{\hat{\mathfrak{h}}}(k, 0)$ .
$M_{\hat{\mathfrak{h}}}(k, 0)=$ span $\{h(-i_{1})\cdots h(-i_{p})1;i_{1}\geq\cdots.\geq i_{p}\geq 1, p\geq 0\}$
.
$\omega_{\gamma}=\frac{1}{4k}h(-1)^{2}1$ (2.20)
$(M_{\hat{\mathfrak{h}}}(k, 0), Y, 1, \omega_{\gamma})$ 1 $\omega_{\gamma}$
1 . $k$ .
$\lambda$ $\hat{\mathfrak{h}}$
$M_{\hat{\mathfrak{h}}}(k, \lambda)$ $M_{\hat{\mathfrak{h}}}(k, 0)$ -
. $V(k, 0)(\lambda)$ $M_{\hat{\mathfrak{h}}}(k, 0)$ - $\Lambda’I_{\hat{\mathfrak{h}}}(k, \lambda)$
.
$N_{\lambda}=\{v\in V(k, 0)|h(m)v=\lambda\delta_{m,0}v, m\geq 0\}$
$M_{\hat{\mathfrak{h}}}(k, 0)$ -
$V(k, 0)(\lambda)=M_{\hat{\mathfrak{h}}}(k, \lambda)\otimes N_{\lambda}$ (2.21)
. $($ 2.13 $)$
$V(k, 0)=\oplus_{\lambda\in 2\mathbb{Z}}]|l_{\hat{\mathfrak{h}}}(k, \lambda)\otimes N_{\lambda}$ (2.22)
$M_{\hat{\mathfrak{h}}}(k, 0)$ - .
$\lambda=0$ $V(k, 0)(0)=M_{\hat{\mathfrak{h}}}(k, 0)\otimes N_{0}$ $N_{0}=\{v\in V(k, 0)|h(m)v=0, m\geq 0\}$





. $\lambda\in 2\mathbb{Z}$ $N_{\lambda}$ $N_{0}$- .
6
$N_{0}$ . $N_{0}$ $\omega$
$\omega_{1}$ $N_{0}$ . $v\in N_{0}$ $(\omega_{\gamma})_{1}v=0$
$\omega_{1}v=(\omega_{aff})_{1}v$ . $v$ $V(k, 0)$ $N_{0}$
.
$V(k, 0)(0),$ $M_{\hat{\mathfrak{h}}}(k, 0),$ $N_{0}$ $V(k, 0)$
2 $\sigma$ $\sigma$
2 .
$V(k, 0)$ $\hat{\mathfrak{h}}_{\mathbb{Z}}$ (vacuum space) $\Omega_{V(k,0)}$ .
$\Omega_{V(k,0)}=\{v\in V(k,$ $0)|h(n)v=0,$ $n\geq 1\}$ $($ 2.24 $)$





$\Omega_{V(k,0)}$ $h(O)$ $\lambda$ .




2.1 $N_{0}$ (cf. [2, Theorem 3.1]).
23 $N_{0}$ $\omega$ $W^{3}$ .
$V(k, 0)(0)$ $h(-1)1,$ $\omega,$ $W^{3}$
. 2.1 .
$V(k, 0)(0)=i\mathcal{V}I_{1)}\wedge(k, 0)\otimes N_{0}$ ]$|/I_{\hat{\mathfrak{h}}}(k, 0)$ $h(-1)1$
$\omega$
$I/T^{\gamma 3}$
$N_{0}$ 3. 1 .
$N_{0}$ $\omega$ $T/V^{3}$ $N_{0}$
$\omega$
$W^{3}$ 4 $W^{4}$ 5 $W^{5}$ .
$N_{0}$
$\omega_{-i_{1}}\cdots\omega_{-i_{\rho}}W_{-j_{1}}^{3}\cdots W_{-j_{q}}^{3}W_{-m_{1}}^{4}$ . . . $W_{-m_{r}}^{4}W_{-n_{1}}^{5}$ . . . $W_{-n_{s}}^{o}1\ulcorner$ , (2.26)
$i_{1}\geq\cdots\geq i_{p}\geq 1_{\dot{J}}j_{1}\geq\cdots\geq j_{q}\geq 1_{\dot{4}}m.J\geq\cdots\geq m_{r}\geq 1,$ $n_{1}\geq\cdots\geq n_{s}\geq 1$
(cf. [3, Lemma 2.4]). $\omega,$ $W^{3},$ $W^{4},$ $W^{5}$ $N_{0}$
strong generators .
$\omega_{2}v=\omega_{3}v=0$ $v$ $\omega$
$M^{r3}’.,$ $I/V^{4},$ $VV^{5}$ $N_{0}$ 3, 4, 5 $\omega$
(cf. [1, 3]).
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(operator product expansion, OPE) . $\omega,$ $W^{3},$ $W^{4},$ $W^{5}$
[1, 3] . (2.26) .
2.2 $N_{0}$ [1] $W(2,3,4,5)$
. $N_{0}$





$V(k, 0)$ . $V(k, 0)$ $\mathcal{J}$
$\mathcal{J}$ $L(k, 0)=V(k, 0)/\mathcal{J}$ . $\mathcal{J}$
$M_{\hat{\mathfrak{h}}}(k, 0)$ (2.22) $M_{\hat{\mathfrak{h}}}(k$ , 0 $)\sim$
$\mathcal{J}=\oplus_{\lambda\in 2\mathbb{Z}}A’I_{\hat{\mathfrak{h}}}(k, \lambda)\otimes(\mathcal{J}\cap N_{\lambda})$
. $\Lambda l_{\hat{\mathfrak{h}}}(k, 0)\cap \mathcal{J}=0$ $\wedge/I_{\hat{\mathfrak{h}}}(k, 0)arrow L(k, 0)$ .
$M_{\hat{\mathfrak{h}}}(k, 0)$ $L(k, 0)$ .
$I_{\lambda}’\{=\{v\in L(k, 0)|h(m)v=\lambda\delta_{m,0}v, rr\iota\geq 0\}$
$M_{\hat{\mathfrak{h}}}(k, 0)$ -
$L(k, 0)=\oplus_{\lambda\in 2\mathbb{Z}}\Lambda’I_{1)}\wedge(k, \lambda)\otimes K_{\lambda}$ (2.27)
. $\mathcal{I}=\mathcal{J}\cap N_{0}$ . [3, Lemma 3.1] $\mathcal{I}$ $N_{0}$
$K_{0}\cong N_{0}/\mathcal{I}$ . $It_{0}’$ (parafermion VOA)
. $\lambda\in 2\mathbb{Z}$ $Ii_{\lambda}’$ $IC_{0}$-
.
$V(k, 0)$ (2.24)
$\Omega_{L(k,0)}=\{v\in L(k,$ $0)|h(n)v=0,$ $n\geq 1\}$ $($ 2.28 $)$
. $L(k, 0)$ $\hat{\mathfrak{h}}_{\mathbb{Z}}$ $I\zeta_{0}$-
$\zeta l_{L(k,0)}=\oplus_{\lambda\in 2\mathbb{Z}}v_{\lambda}\otimes K_{\lambda}$
.
$\omega_{af\dagger},$ $\omega_{\gamma},$ $\omega,$ $W^{3}\in V(k, 0)$ $L(k, 0)=V(k, 0)/\mathcal{J}$
. 23 (cf. $[2_{\dot{s}}$ Theorem 4.1]).
24 $K_{0}$ $\omega$ $\nu \mathfrak{s}^{\gamma 3}$ .
8
$K_{0}\cong N_{0}/\mathcal{I}$ $K_{0}$ $\mathcal{I}$ . $\mathcal{I}$
(cf. [2, Theorem 4.2]).
25 (1) No $\mathcal{I}$ $f(0)^{k+1}e(-1)^{k+1}1$ .
(2) $\sigma(f(0)^{k+1}e(-1)^{k+1}1)=(-1)^{k+1}f(0)^{k+1}e(-1)^{k+1}1$ .
$sl_{2}$ . [2]
. $a\in\{h, e, f\}$ $a(O)$ $V(k, 0)$ $N_{0}$
$sl_{2}$ . $f(0)^{k+1}e(-1)^{k+1}1\in N_{0}$ $V(k, 0)$ $\mathcal{J}$
$f(0)^{k+1}e(-1)^{k+1}1$ (2.22) $u\in i\backslash /I_{\hat{\mathfrak{h}}}(k, \lambda)\otimes N_{\lambda}$,
$v\in M_{\hat{\mathfrak{h}}}(k,$ $0)\otimes N_{0}$ $n\in \mathbb{Z}$
$u_{n}v\in M_{\hat{\mathfrak{h}}}(k,$ $\lambda)\otimes N_{\lambda}$
(1) .




. $i=k+1$ (2) .
3 Parafermion VOA: general case
$\mathfrak{g}$
$l$ . $sl_{2}$





. $\langle\cdot,$ $\cdot\rangle$ $\alpha$ $\langle\alpha,$ $\alpha\rangle=2$
. $\alpha\in \mathfrak{h}^{*},$ $h\in \mathfrak{h}$ $\alpha(h)=\langle t_{\alpha},$ $h\}$ $t_{\alpha}\in \mathfrak{h}$
. $\{\alpha_{1}, \ldots, \alpha_{l}\}$ $\theta$ . $\alpha\in\triangle$
$\mathfrak{g}_{\alpha}$ . $\alpha\in\triangle_{+}$ $h_{\alpha}= \frac{2}{\langle\alpha,\alpha\rangle}t_{\alpha}$ . $X\pm\alpha\in \mathfrak{g}\pm\alpha$ $[x_{\alpha}, x_{-\alpha}]=h_{\alpha}$ ,
$[h_{\alpha’\pm\alpha}x|=\pm 2x_{\pm\alpha}$ . $\langle\cdot,$ $\cdot\rangle$ $\langle h_{\alpha},$ $h_{\alpha} \}=2\frac{\langle\theta,\theta\rangle}{\langle\alpha_{1}\alpha\rangle},$ $\langle x_{\alpha},$ $x_{-\alpha}\rangle=$




$\hat{\mathfrak{g}}=\mathfrak{g}\otimes \mathbb{C}[t, t^{-1}]\oplus \mathbb{C}C$
(2.1) . $\hat{\mathfrak{g}}$
$\hat{\mathfrak{h}}_{\mathbb{Z}}=(\oplus_{n\neq 0}\mathfrak{h}\otimes t^{n})\oplus \mathbb{C}C$ , (3.1)
$\hat{\mathfrak{h}}=\mathfrak{h}\otimes \mathbb{C}[t, t^{-1}]\oplus \mathbb{C}C$ (3.2)
$sl_{2}$ (2.2) (2.3) .
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$\mathfrak{g}\otimes \mathbb{C}[t]\oplus \mathbb{C}C$ 1 $\mathfrak{g}\otimes \mathbb{C}[t]$ $0$ $C$ $k$
$\mathbb{C}_{k}$ . $\hat{\mathfrak{g}}$- $V_{\hat{\mathfrak{g}}}(k, 0)$ .
$V_{\hat{\mathfrak{g}}}(k, 0)=U(\hat{\mathfrak{g}})\otimes_{U(\mathfrak{g}\otimes \mathbb{C}[t]\oplus \mathbb{C}C)}\mathbb{C}_{k}$ . (3.3)
2 $1=1\otimes 1$ $a\otimes t^{n}$ $V_{\hat{\mathfrak{g}}}(k, 0)$
$V_{\hat{\mathfrak{g}}}(k, 0)$ $a(n)$ . $u\in V_{\hat{\mathfrak{g}}}(k, 0)$ $Y(u, x)$ (2.8)
(2.9) . (2.10)
$\omega_{aff}=\frac{1}{2(k+h^{\vee})}(\sum_{i=1}^{l}h_{i}(-1)^{2}1+\sum_{\alpha\in\Delta}\frac{\langle\alpha,\alpha\rangle}{\langle\theta,\theta\}}x_{\alpha}(-1)x_{-\alpha}(-1)1)$ (3.4)
$(V_{\hat{\mathfrak{g}}}(k, 0), Y, 1, \omega_{aff})$ 1 $\omega_{aff}$
kdim $\mathfrak{g}/(k+h^{\vee})$ (cf. [6, 11]). $h^{\vee}$ $\mathfrak{g}$
$\{h_{1}, \ldots, h_{l}\}$ $\mathfrak{h}$ $\langle\cdot,$ $\cdot\rangle$ .
$\lambda\in \mathfrak{h}^{*}$
$V_{\hat{\mathfrak{g}}}(k, 0)(\lambda)=\{v\in V_{\hat{\mathfrak{g}}}(k,$ $0)|h(0)v=\lambda(h)v,$ $h\in \mathfrak{h}\}$ $($ 3.5 $)$
$V_{\hat{\mathfrak{g}}}(k, 0)=\oplus_{\lambda\in Q}V_{\hat{\mathfrak{g}}}(k, 0)(\lambda)$ (3.6)
. $sl_{2}$ (2.12) (2.13)
. $\lambda=0$ $V_{\hat{\mathfrak{g}}}(k, 0)(0)$ $V_{\hat{\mathfrak{g}}}(k, 0)(\lambda)$ $V_{\hat{\mathfrak{g}}}(k, 0)(0)$ -
.
$\mathfrak{g}$
$\sigma$ 1 $x(n)$ $($ $x\in \mathfrak{g},$ $n\in Z)$ $(\sigma x)(n)$
$V_{\hat{\mathfrak{g}}}(k, 0)$ . $V_{\hat{\mathfrak{g}}}(k, 0)$
$\sigma$ . $\sigma(\mathfrak{h})=\mathfrak{h}$ $\sigma$ $V_{\hat{\mathfrak{g}}}(k, 0)(0)$
$V_{\hat{\mathfrak{g}}}(k, 0)(0)$ . $\mathfrak{g}$ $V_{\hat{\mathfrak{g}}}(k, 0)$ $V_{\hat{\mathfrak{g}}}(k, 0)(0)$
.
2.1 (cf [5, Theoren12.1]).




$a_{i}\in \mathfrak{h},$ $\beta_{j}\in\triangle,$ $m_{i}\geq 1,$ $n_{j}\geq 1$ $\beta_{1}+\cdots+\beta_{t}=0$
2.3 .







$M_{\hat{\mathfrak{h}}}(k, 0)$ - . $M_{\hat{\mathfrak{h}}}(k, \lambda)$ $v_{\lambda}$ $h\in \mathfrak{h}$ $0\leq m\in \mathbb{Z}$
$h(m)v_{\lambda}=\lambda(h)\delta_{m,0}v_{\lambda}$ . $V_{\hat{\mathfrak{g}}}(k, 0)(\lambda)$ $M_{\hat{\mathfrak{h}}}(k, 0)$ -
$V_{\hat{\mathfrak{g}}}(k, 0)(\lambda)=M_{\hat{\mathfrak{h}}}(k, \lambda)\otimes N_{\hat{\mathfrak{g}},\lambda}$ (3.8)
.
$N_{\hat{\mathfrak{g}})\lambda}=\{v\in V_{\hat{\mathfrak{g}}}(k,$ $0)|h(m)v=\lambda(h)\delta_{m,0}v,$ $h\in \mathfrak{h},$ $m\geq 0\}$
. (3.6)
$V_{\hat{\mathfrak{g}}}(k, 0)=\oplus_{\lambda\in Q}M_{\hat{\mathfrak{h}}}(k, \lambda)\otimes N_{\hat{\mathfrak{g}},\lambda}$ (3.9)
$M_{\hat{\mathfrak{h}}}(k, O)$ - .
$\lambda=0$ $N_{\hat{\mathfrak{g}},0}$ $N(\mathfrak{g}, k)$ $M_{\hat{\mathfrak{h}}}(k, 0)$ $V_{\hat{\mathfrak{g}}}(k, 0)$
(commutant) $\omega=\omega_{aff}-\omega_{\mathfrak{h}}$ kdim $\mathfrak{g}/(k+h^{\vee})-l$
. $\lambda\in Q$ $N_{\hat{\mathfrak{g}},\lambda}$ $N(\mathfrak{g}, k)$ - .
$\langle h_{\alpha},$ $h_{\alpha} \rangle=2\frac{\langle\theta_{i}\theta\rangle}{\langle\alpha_{t}\alpha\rangle},$ $\langle x_{\alpha},$ $x_{-\alpha} \}=\frac{\langle\theta,\theta\rangle}{\langle\alpha 1\alpha\rangle}$ (2.5) $\alpha\in\triangle_{+}$ $k_{\alpha}=$
$\frac{\langle\theta_{1}\theta\rangle}{\langle\alpha,\alpha\rangle}k$ . $\alpha$ $k_{\alpha}=k$ $k_{\alpha}=2k$ $k_{\alpha}=3k$
. $V_{\hat{\mathfrak{g}}}(k, 0)$ $A_{1}^{(1)}$ $\hat \mathfrak{g}\alpha=\mathfrak{g}^{\alpha}\otimes \mathbb{C}[t, t^{-1}]\oplus \mathbb{C}C$ $k_{\alpha}$
.





$N(\mathfrak{g}, k)$ 2 3 (cf. (2.23), (2.25)). $\omega_{\alpha}$ $W_{\alpha}^{3}$
$N(\mathfrak{g}, k)$ . $\hat{P}_{\alpha}$ $N(sl_{2}, k_{\alpha})$ .
$N(sl_{2}, k_{\alpha})$ 2 $N_{0}$ $k$ .
2.1 23 3.1 32
(cf. [5, Theorem 3.1]).
3.2 $N(\mathfrak{g}, k)$ $\omega_{\alpha},$ $|/V_{\alpha}^{3},$ $\alpha\in\triangle_{+}$ .
$V_{\hat{\mathfrak{g}}}(k, 0)$ $x_{\theta}(-1)^{k+1}1$ (cf. [9]).
$L_{\hat{\mathfrak{g}}}(k, 0)=V_{\hat{\mathfrak{g}}}(k, 0)/\mathcal{J}$ . $\mathfrak{g}$
11
. $\mathcal{J}_{\hat{\mathfrak{g}}}$ $M_{\hat{\mathfrak{h}}}(k, 0)$ - (3.9) $M_{\hat{\mathfrak{h}}}(k, 0)$ -
$\mathcal{J}_{\hat{\mathfrak{g}}}=\oplus_{\lambda\in Q}M_{\hat{\mathfrak{h}}}(k, \lambda)\otimes(\mathcal{J}_{\hat{\mathfrak{g}}}\cap N_{\hat{\mathfrak{g}},\lambda})$
.
2 $sl_{2}$ $M_{\hat{\mathfrak{h}}}(k, 0)\cap \mathcal{J}_{\hat{\mathfrak{g}}}=0$ $M_{\hat{\mathfrak{h}}}(k, 0)arrow\triangleright_{\mathfrak{g}}(k, 0)$ .
$M_{\hat{\mathfrak{h}}}(k$ , 0 $)\sim$ $(k, 0)$
$\triangleright_{\mathfrak{g}}(k, 0)=\oplus_{\lambda\in Q}M_{\hat{\mathfrak{h}}}(k, \lambda)\otimes K_{\hat{\mathfrak{g}},\lambda}$ (3.12)
.
$If_{\hat{\mathfrak{g}},\lambda}=\{v\in\triangleright_{\mathfrak{g}}(k, 0)|h(m)v=\lambda(h)\delta_{m,0}v, h\in \mathfrak{h}, m\geq 0\}$
.
$K(\mathfrak{g}, k)=K_{\hat{\mathfrak{g}},0}$ . $(k, 0)$ $M_{\hat{\mathfrak{h}}}(k., 0)$ . $sl_{2}$
[3, Lemma 3.1] $\mathcal{I}_{\hat{\mathfrak{g}}}=\mathcal{J}_{\hat{\mathfrak{g}}}$ $N(\mathfrak{g}, k)$ $N(\mathfrak{g}, k)$
. $K(\mathfrak{g}, k)\cong N(\mathfrak{g}, k)$/ .
$K(\mathfrak{g}, k)$
$\mathfrak{g}$ . $\lambda\in Q$
$K_{\hat{\mathfrak{g}},\lambda}$ $K(\mathfrak{g}, k)$ - .
$\omega_{aff}.,$ $\omega_{\mathfrak{h}},$ $\omega,$ $\omega_{\alpha},$
$tV_{\alpha}^{3}\in V_{\hat{\mathfrak{g}}}(k, 0)$ $\triangleright_{\mathfrak{g}}(k, 0)=V_{\hat{\mathfrak{g}}}(k, O)/\mathcal{J}_{\hat{\mathfrak{g}}}$
. 3.2 (cf. [5, Theore1114.2]).
33 $K(\mathfrak{g}, k)$ $\omega_{\alpha i}w\nearrow 3\alpha’\alpha\in\triangle+$ .
$\mathcal{I}_{\hat{\mathfrak{g}}}$ (cf. [5, Proposition 4.4]).
34 $N(\mathfrak{g}, k)$ $\mathcal{I}_{\hat{\mathfrak{g}}}$ $x_{-\theta}(0)^{k+1}x_{\theta}(-1)^{k+1}1$ .




$I4_{o}/^{\prime 3}$ $K(\mathfrak{g}., k)$ $P_{(\gamma}$
. . $P_{o}$
(cf. [5, Propositions 4.5 and 4.6]).
3.5 $P_{\alpha},$ $\alpha\in\triangle+$ $K(sl_{2}, k_{\alpha})$ .
$K(sl_{2}, k_{\alpha})$ 2 $sl_{2}$ $I<0$ $k$
$k_{\alpha}$ .
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